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Abstract. This paper mainly studies the delay-based feedback forma-
tion control problem with feedforward components for multiple unmanned
aerial vehicles (UAVs) system. First, the kinematic equation of the leader-
follower UAVs formation system with regard to three directions is estab-
lished, and the communication network topology between UAVs is pre-
sented. Second, by intentionally introducing time-delay into feedback con-
trol channel, a delay-based feedback formation control scheme with feed-
forward components is proposed for the multiple UAVs system. The suffi-
cient conditions of asymptotical stability of closed-loop system are derived
based on the linear matrix inequality (LMI) theory, and the design method
of the delayed formation controller is presented. The effectiveness of this
control scheme is verified based on simulation results, which show that
under the designed formation controller, the formation performance of the
multiple UAVs system can be guaranteed effectively.

Keywords: Multiple agents · UAV · Formation control ·
Leader-follower · Delay feedback

1 Introduction

Multiple unmanned aerial vehicles (UAVs) system can coordinate and cooperate
with each other and use the advantages of swarms to complete tasks. It has been
widely applied in practical fields, such as volcano monitoring [1], target detection
[2], coverage path planning [3], logistics delivery [4], large-scale rescue search [5],
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and so on. Due to the important roles in the cooperative control of multiple UAVs
system, the formation control has become one of the most increasing attractive
issues in recent decades. A great deal of results has been achieved with regard to the
coordinate control of multiple agent formation problems [7,17,18]. From the struc-
ture perspective in the existing representative literatures, the approaches of multi-
ple UAVs formation control mainly focus on leader-follower method [6], behavior-
based method [7], virtual structure method [8], artificial potential field method
[9] and so on. Relatively speaking, the leader-follower formation is a widely used
formation approach.

Note that the real-time communication between UAVs is a significant guar-
antee of the success of formation process. Nevertheless, time-delay is an unavoid-
able phenomenon in real system due to time consumption of the signal input and
transmission in communication process, which leads to the disturbance cannot be
detected early and the control effect cannot be implemented in time. Therefore,
analysis and design for the systems with time-delay have always been a problem of
great concern in the formation control area. One attractive research is the stability
of control systems with time-delay [10–12]. [10] incorporated time-delay into the
model and proposed a control strategy composed of an adaptive fuzzy logic con-
troller and a PID controller for stability. In order to achieve the sufficient condition
for stable formation feasibility, the method of Linear Matrix Inequalities (LMIs)
is used in [11] and a Lyapunov function is introduced in [12] for time-delay system.

There are also plenty of studies on how to reduce the negative impact of time-
delay on the control system. To attenuate the influence of state delay of the agents,
an observer predictor is proposed in [13] by predicting the future information about
states and disturbances, and an adaptive neural network-based backstepping con-
troller with appropriate control signal designed by Lyapunov function is intro-
duced in [14]. The unknown time-delay of the communication network between
the object and the controller is considered by proposing a discrete-time adaptive
control method in [15], and a time-varying communication delay is studied for a
leader-following formation control of second-order nonlinear systems in [16]. To
compensate the multiple communication time-delay, a single predictor-feedback
scheme is presented in [17] and a model predictive formation controller is designed
in [18]. On the other hand, time-delay plays a positive effect for system perfor-
mance. In [19], one can see that time-delays are deliberately introduced to reduce
the vibration of the offshore structures and can improve the performance of sys-
tems. With regard to the recent progress of the formation control problem for the
UAV systems, one can see [20–23], and the references therein.

Based on the network topology of [23], this paper aims to design a delay-based
formation controller with feedforward components for the multiple UAVs system
by artificially introduceing time-delay into control channel, and investigates the
effects of the timed-delay on the formation performance. The main contribution
of this paper is to analyze the sufficient conditions of delayed system stability
through Lyapunov-Krasovskii method and to explore the maximum admissible
time-delay on precondition of system stable, and also to study the performance
of UAVs formation system. On basis of a leader-follower UAVs, a communica-
tion network topology is presented first. Then, by introducing time-delays into
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feedback control channel, a delay-based feedback formation control scheme with
feedforward components is proposed. The sufficient condition of asymptotical
stability of system is derived, and the design method of the delayed formation
controller is developed. Simulation results show that the delay-based feedback
formation control scheme with feedforward components is effective to guarantee
the formation performance of the multiple UAVs system.

2 Problem Formulation

In this section, a notion of network topology of UAVs is presented, and a delayed
feedback formation control problem of the UAVs is formulated.

The communication topology among UAVs is described by a directed graph.
The index set of L followers is defined as L = {1, 2, · · · , L}. Let G = (L0, ε)
denote a directed graph, where L0 = {0,L} denote an index set of the leader
and L followers, and ε ⊆ L0 × L0 is an edge set of paired UAVs. The pairs
of UAVs in the directed graph G are ordered. A directed path is a sequence of
ordered edges (i, j), where i, j ∈ L0.

Suppose that the follower j (j ∈ L) only can receive the position information
sent from the leader. That is, the positions of the followers only depend on the
leader’s position. Define an adjacency matrix as Ac = [cij ], where

cij =
{

1, i = 0, j ∈ L
0, others (1)

Denote the position and velocity of agent i by pi(t) and vi(t), respectively,
i = 0, 1, 2, · · · , L. Then one gets

ṗi(t) = vi(t), i = 0, 1, 2, · · · , L (2)

For simplification purpose, the position and velocity information of each agent
are further decomposed into three axes as x, y, and z as

pi =
[
pix piy piz

]T
, vi =

[
vix viy viz

]T
, i = 0, 1, 2, · · · , L (3)

where p0 and v0 are predefined position and velocity of the leader.
Define

p̂i(t) = p̂0(t) − si(t), i ∈ L (4)

where p̂i = [p̂ix p̂iy p̂iz]T is the expected position of the follower i(i =
1, 2, · · · , L), and si = [six siy siz]T represents the relative distance between
leader and follower i during the formation process, i ∈ L.

By Newton’s second law, one yields the motion equation of the follower i as

fi(t) = mai(t) + kvi(t) + ϑ, i ∈ L (5)

where fi = [fix fiy fiz]T , ai = v̇i, k is the air damping coefficient, ϑ = [0 0 mg]T

with m the mass of the UAV and g the acceleration of gravity.
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Denote {
xi =

[
xi1 xi2 xi3 xi4 xi5 xi6

]T

ui =
[
fix fiy fiz

]T (6)

where

xi1 = pix, xi2 = vix, xi3 = piy, xi4 = viy, xi5 = piz, xi6 = viz (7)

Then the state space model of follower i can be expressed as

ẋi(t) = Axi(t) + Bui(t) + Dg, i ∈ L (8)

where

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
0 − k

m 0 0 0 0
0 0 0 1 0 0
0 0 0 − k

m 0 0
0 0 0 0 0 1
0 0 0 0 0 − k

m

⎤
⎥⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0
1
m 0 0
0 0 0
0 1

m 0
0 0 0
0 0 1

m

⎤
⎥⎥⎥⎥⎥⎥⎦

,D =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0

−1

⎤
⎥⎥⎥⎥⎥⎥⎦

(9)

Next, for follower i, we define the desired formation trajectory variable as:

xs
i =

[
xs

i1 xs
i2 xs

i3 xs
i4 xs

i5 xs
i6

]T
, i ∈ L (10)

where ⎧⎨
⎩

xs
i1(t) = p̂0x(t) − six(t), xs

i2(t) = ˙̂p0x(t) − ṡix(t)
xs

i3(t) = p̂0y(t) − siy(t), xs
i4(t) = ˙̂p0y(t) − ṡiy(t)

xs
i5(t) = p̂0z(t) − siz(t), xs

i6(t) = ˙̂p0z(t) − ṡiz(t)
(11)

Then one gets
ẋs

i (t) = Axs
i (t) + Bqi(t), i ∈ L (12)

where

qi(t) =

⎡
⎣m[ ¨̂p0x(t) − s̈ix(t)] + kxs

i2(t)
m[ ¨̂p0y(t) − s̈iy(t)] + kxs

i4(t)
m[ ¨̂p0z(t) − s̈iz(t)] + kxs

i6(t)

⎤
⎦ (13)

Define formation error vector as

ei(t) = xs
i (t) − xi(t), i ∈ L (14)

and design a formation controller as

ui(t) = uif (t) + uib(t) (15)

where uif and uib are the feedforward and feedback control laws, respectively.
In this paper, we intend to design the delay-based feedback formation con-

troller (15) for the UAVs system (8) such that the formation error (14) satisfies:

lim
t→∞ ei(t) = 0, i ∈ L (16)

To obtain the main results, the following Lemma is required.
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Lemma 1. [19] Let ζ be a differentiable function: [τ1, τ2] → Rn, and τ =
τ2 − τ1. For any symmetric constant matrix Z ∈ Rn×n > 0, and matrices P1 =
[M1 M2 M3] and P2 = [N1 N2 N3] with Mi, Ni ∈ Rn×n, i = 1, 2, 3, the
following inequality holds:

−
∫ τ2

τ1

ζ̇T (s)Zζ̇(s)ds ≤ ηT (t)
(
Ω + τPT

1 Z−1P1 +
τ

3
PT
2 Z−1P2

)
η(t) (17)

where

η(t) =
[

ζT (τ2) ζT (τ1)
1
τ

∫ τ2
τ1

ζT (s)ds

]T

, Ω =

⎡
⎣ φ11 φ12 φ13

∗ φ22 φ23

∗ ∗ φ33

⎤
⎦ (18)

and ⎧⎨
⎩

φ11 = M1 + MT
1 + N1 + NT

1 , φ12 = −MT
1 + M2 + NT

1 + N2

φ13 = M3 + N3 − 2NT
1 , φ22 = −M2 − MT

2 + N2 + NT
2

φ23 = −M3 − 2NT
2 + N3, φ33 = −2N3 − 2NT

3

(19)

3 Design of the Formation Controller

In this section, the feedforward and feedback control components uif (t) and
uib(t) in (15) are designed, respectively. Specifically, the existence conditions of
the feedback control component are derived.

To compensate the leader-related signal qi and effects of gravity acceleration,
design the feedforward controller as

uif (t) = qi(t) + Hg, i ∈ L (20)

where H = [0 0 m]T .

Remark 1. Note that the leader-related signal qi (13) includes accelerations
of the leader and desired velocities and accelerations of followers, which are
generalally determined by the topology of the formation problem. Therefore,
the feedforward control component can be designed as (20) to compensate the
dynamic offset between the leader and the followers thereby enhancing the for-
mation performance of the multiple UAVs system (8).

From (8), (12), and (14) with (15) and (20), one gets

ėi(t) = Aei(t) − Buib(t), i ∈ L (21)

Design the feedback controller as

uib(t) = Kiei(t − d), i ∈ L (22)

where Ki is a 3 × 6 gain matrix of feedback controller to be designed, d ≥ 0 is
an artificial time-delay introduced.
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Substituting (22) into (21) yields the closed-loop formation error system as

ėi(t) = Aei(t) − BKiei(t − d), i ∈ L (23)

The following Proposition provides the sufficient conditions of the asymptot-
ical stability of closed-loop formation error system (23).

Proposition 1. For given scalar d ≥ 0, the formation error system (23) is
asymptotical stable if there exist 6 × 6 matrices X > 0, Y > 0, Z > 0, S >, Mj,
Nj, j = 1, 2, 3, and 3 × 6 matrices Ki, i = 1, 2, · · · , L such that

⎡
⎢⎢⎢⎢⎢⎢⎣

Λ φ12 − XBKi φ13 AT S
√

dMT
1

√
dNT

1

∗ φ22 − Y φ23 −KT
i BT S

√
dMT

2

√
dNT

2

∗ φ33 0
√

dMT
3

√
dNT

3

∗ ∗ dZ − 2S 0 0
∗ ∗ ∗ −Z 0
∗ ∗ ∗ ∗ −3Z

⎤
⎥⎥⎥⎥⎥⎥⎦

< 0 (24)

where Λ = φ11 + XA + AT X + Y .

Proof. Construct a Lyapunov-Krasovskii candidate functional as

V (ei(t)) =eT
i (t)Xei(t) +

∫ t

t−d

eT
i (s)Y ei(s)ds

+
∫ 0

−d

ds

∫ t

t+s

ėT
i (θ)Zėi(θ)dθ (25)

Taking the derivative of V (ei(t)) with respect to t along the trajectory of
(23) yields

V̇ (ei(t)) =eT
i (t)

(
XA + AT X + Y

)
ei(t) − 2eT

i (t)XBKiei(t − d)

− eT
i (t − d)Y ei(t − d) + dėT

i (t)Zėi(t) −
∫ t

t−d

eT
i (s)Zei(s)ds (26)

Note that for any matrix S > 0, the following is true:

2 [Aei(t) − BKiei(t − d) − ėi(t)]
T

Sėi(t) = 0 (27)

Let
α(t) =

[
ei(t) ei(t − d) 1

d

∫ t

t−d
ei(s)ds ėi(t)

]T

(28)

Then, from (26) and (27), and by Lemma 1, one gets

V̇ (ei(t)) = αT (t)[χ + dΠT
1 Z−1Π1 +

d

3
ΠT

2 Z−1Π2]α(t) (29)

where
Π1 =

[
M1 M2 M3 0

]T
, Π2 =

[
N1 N2 N3 0

]T (30)
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and

χ =

⎡
⎢⎢⎣

Λ φ12 − XBKi φ13 AT S
∗ φ22 − Y φ23 −KT

i BT S
∗ ∗ φ33 0
∗ ∗ ∗ dZ − 2S

⎤
⎥⎥⎦ (31)

To guarantee the asymptotic stability of the error system (23), the following
inequality is needed:

χ + dΠT
1 Z−1Π1 +

d

3
ΠT

2 Z−1Π2 < 0 (32)

which is equivalent to the one in (24) by Schur complements. This completes the
proof.

To solve the gain matrix Ki in (22), multiply the left-hand side of the inequal-
ity (24) by diag{X−1, X−1, X−1, S−1, X−1, X−1} and its transpose, respec-
tively, and denote X̄ = X−1 , Ȳ = X−1Y X−1, Z̄ = X−1ZX−1, S̄ = S−1,
Z̃ = S−1ZS−1, M̄j = X−1MjX

−1, N̄j = X−1NjX
−1, j = 1, 2, 3. Then one

yields ⎡
⎢⎢⎢⎢⎢⎢⎣

Λ̄ φ̄12 − BK̄i φ̄13 X̄AT
√

dM̄T
1

√
dN̄T

1

∗ φ̄22 − Ȳ φ̄23 −K̄T
i BT

√
dM̄T

2

√
dN̄T

2

∗ ∗ φ̄33 0
√

dM̄T
3

√
dN̄T

3

∗ ∗ ∗ dZ̃ − 2S̄ 0 0
∗ ∗ ∗ ∗ −Z̄ 0
∗ ∗ ∗ ∗ ∗ −3Z̄

⎤
⎥⎥⎥⎥⎥⎥⎦

< 0 (33)

where Λ̄ = φ̄11 + AX̄ + X̄AT + Ȳ , and⎧⎨
⎩

φ̄11 = M̄1 + M̄T
1 + N̄1 + N̄T

1 , φ̄12 = −M̄T
1 + M̄2 + N̄T

1 + N̄2

φ̄13 = M̄3 + N̄3 − 2N̄T
1 , φ̄22 = −M̄2 − M̄T

2 + N̄2 + N̄T
2

φ̄23 = −M̄3 − 2N̄T
2 + N̄3, φ̄33 = −2N̄3 − 2N̄T

3

(34)

Based on above analysis, we have following Proposition.

Proposition 2. For given scalar d ≥ 0, if there exist 6×6 matrices X̄ > 0, Ȳ >
0, Z̄ > 0, Z̃ > 0, S̄ > 0, M̄j, N̄j, j = 1, 2, 3, and 3×6 matrices K̄i, i = 1, 2 · · · , L
such that the inequality (33) holds, then the gain matrices Ki, i = 1, 2, · · · , L of
the delayed feedback controller (22) are solvable, and

Ki = K̄iX̄
−1 (35)

Remark 2. Proposition 2 provides a method to solve gain matrix Ki of feedback
controller (22). In fact, for a given time-delay d artificially introduced, if the
inequality (33) is feasible, then the gain matrix Ki can be computed. Further,
combining with (20) and (22), the delayed feedback formation controller (15)
can be obtained.

Remark 3. Based on the linear matrix inequality (33), the maximum admissi-
ble time-delay dmax intentionally introduced can be computed for the multiple
UAVs system (8), and the effects of different time-delay d on the formation per-
formance of the multiple UAVs system are different, which will be disscussed
below.
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4 Simulation Examples

In this section, two examples regarding two different formation patterns are
presented to show the effectiveness of the proposed formation control scheme for
a multiple UAVs system. Then the effects of the time-delays introduced on the
formation performance of the system are discussed.

4.1 Parameters of the UAVs System and Formation Patterns

In (8), suppose that there are eight followers, i.e., L = 8. The mass m of each
UAV is 5kg, and the air dumping coefficient k is 3N·s/m. The desired flight path
p̂0(t) of the leader is given by

p̂0(t) = [10t 10sin(0.1t) 100(1 − e−0.1t)]T , t ≥ 0 (36)

In the two cases of formation pattern, i.e., 1-shape and V-shape, the initial
states and the desired offsets are listed as follows:
Case I. 1-shape formation pattern

xi(0) =

{[
0 0 −10i 0 0 0

]T
, i = 1, 2, 3, 4[

0 0 10(i − 4) 0 0 0
]T

, i = 5, 6, 7, 8

si(t) =

{[
0 10i 0

]T
, i = 1, 2, 3, 4[

0 −10(i − 4) 0
]T

, i = 5, 6, 7, 8

(37)

Case 2. V-shape formation pattern

xi(0) =

{[−80i 0 −20i 0 0 0
]T

, i = 1, 2, 3, 4[−80(i − 4) 0 20(i − 4) 0 0 0
]T

, i = 5, 6, 7, 8

si(t) =

{
(i(5 − cos(0.1t)) − 2sin(0.1t))

[
8 3 0

]T
, i = 1, 2, 3, 4

(i(5 − cos(0.1t)) − 2sin(0.1t))
[
8 −3 0

]T
, i = 5, 6, 7, 8

(38)

To investigate the performance of the multiple UAVs system under designed
formation controller, we introduce two performance indices with respect to for-
mation error and control cost as:

Jei =
∫ ∞
0

eT
i (t)ei(t)dt, Jui =

∫ ∞
0

uT
i (t)ui(t)dt (39)

In what follows, in the aforesaid two cases, a delayed feedback formation
controller with feedforward components is designed, and the performances of the
formation control systems and the effects of different time-delay on the formation
control are discussed.
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4.2 Formation Control Effects of the UAVs System

Based on (13) and (37) (or (38)), the feedforward component uif (t) in (20) can
be determined. To design the feedback control component uib(t), set d = 0.35 s.
Then by Proposition 2, the gain matrix Ki is computed as

Ki =

⎡
⎣2.4566 5.7279 0 0 0 0

0 0 2.4566 5.7279 0 0
0 0 0 0 2.4566 5.7279

⎤
⎦ , i = 1, 2, · · · , 8 (40)

Further the delay-based feedback formation controllers (DFFCs) in the form (15)
can be obtained. The two formation controllers are denoted as DFFC1 for case
1 and DFFC2 for case 2, respectively. As the DFFC1 and DFFC2 are applied
to the UAVs system, the formation control results are depicted in Fig. 1(a) for
case I and Fig. 1(b) for case II, respectively. The figures show that under the
designed formation controllers, the followers can track the leader effectively. In
addition, the 1-shape formation pattern (case I) and V-shape formation pattern
(case II) can be realised for all agents in the UAVs system.

(a) Formation control under DFFC1. (b) Formation control under DFFC2.

Fig. 1. Formation control result of UAVs, d = 0.35 s.

4.3 Effects of Time-Delay on Formation Performance

By Proposition 2, it can be computed that the maximum admissible time-delay
intentionally introduced is about 1.33s. To analyze the effects of the time-delay
on the formation performance and control cost by the multiple UAVs system,
let the value of time-delay d increase from 0s with a step 0.01s. Then under the
DFFC1 and DFFC2 designed in Subsect. 4.2, one yields the performance indices
(39) regarding formation error and control cost of UAVs, which are listed in
Table 1 for case I and Table 2 for case II, respectively.

It is observed from Tables 1 and 2 that with the increase of time-delay d, the
whole formation error of the multiple UAVs system and the control cost become
large gradually. Specifically, if d = 0 s, the formation error and control cost are
the smallest, while if d = 1.33 s, the former error and control cost are the largest,
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Table 1. Performance indices of UAVs with DFFC1 for different time-delays.

d (s) 0 0.08 0.15 0.25 0.35 0.70 1.00 1.33

Je(103) 1.4357 1.5152 1.5914 1.7134 1.8543 2.5959 3.9574 9.5016

Ju(106) 2.9689 2.9708 2.9727 2.9756 2.9789 2.9956 3.0248 3.1395

Table 2. Performance indices of UAVs with DFFC2 for different time-delays.

d (s) 0 0.08 0.15 0.25 0.35 0.70 1.00 1.33

Je(105) 3.3508 3.3928 3.4313 3.4900 3.5537 3.8406 4.2678 5.7346

Ju(106) 3.6681 3.7144 3.7583 3.8276 3.9066 4.3085 5.0181 7.8303

which can be found from Figs. 2(a) and 2(b) for d = 0 s and Figs. 3(a) and 3(b) for
d = 1.33 s, respectively. In fact, if the value of introduced time-delay d is larger
than 1 s, the relatively larger chattering phenomenon occurs. Consequently, the
formation performance of the UAVs under the designed formation controller
degrades gradually. Therefore, it is significant to choose a proper delay used for
the formation controller design for the multiple UAVs system.

(a) Formation control under DFFC1. (b) Formation control under DFFC2.

Fig. 2. Formation control result of UAVs, d = 0 s.

(a) Formation control under DFFC1. (b) Formation control under DFFC2.

Fig. 3. Formation control result of UAVs, d = 1.33 s.
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5 Conclusion

In this paper, by introducing time-delay intentionally, a delay-based feedback
formation control scheme with feedforward components has been developed.
Based on leader-follower formation mode, a moving equation of UAVs has been
established in a three-dimensional space. A delay-based feedback formation con-
troller with feedforward components has been designed for the multiple UAVs
system. By using Krasovskii stability theory, the existence and design method
of the delayed formation controller have been obtained. Simulation results have
been provided to demonstrate the effectiveness of the proposed formation control
scheme for the multiple UAVs system. The results show that when the time-delay
is 0.35s, the system performance is relatively ideal, and when it is greater than
1.33s, the system trembles severely.
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